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Abstract. An exhaustive description of the non-splitting subalgebras of the LP(1, 4) algebra
with respect to P(1,4) conjugation is presented.

1. Introduction

The generalised Poincaré group P(1,4) is the group of inhomogeneous pseudo-
orthogonal transformations of the five-dimensional pseudo-Euclidean space with the
scalar product (X, Y) = Xo¥o— X1 ¥; ~ X2¥2— X3¥3 — X4 V4. The P(1, 4) group is the simplest
one which contains the Poincaré group P(1, 3) as a subgroup. Fushchich and Krivsky
(1968, 1969) and Fuschchich (1970) have used the P(1,4) group and its unitary
representations to describe particles with variable mass and spin. An arbitrary partial
differential equation which is invariant under the P(1, 4) group is also invariant under
the P(1, 3) group as well as under the extended Galilei group G(1, 3) since G(1,3) <
P(1, 4) (Fushchich and Nikitin 1980). The papers of Aghassi et al (1970a, b) deal with
irreducibie representations of P(1,4) and G(1,4), using the latter in the theory of
elementary particles. Kadyshevsky (1980) proposed using the P(1, 4) group in field
theory with the fundamental length. The P(1,4) group is the invariance group of the
relativistic Hamilton-Jacobi equation (Fuschchich and Serov 1983a) and the Monge-
Ampere equation (Fushchich and Serov 1983b). These nonlinear equations are
invariant under transformations of the P(1, 4) group with the fifth coordinate as x, =y,
where u = u(xy, Xx,, X5, X3). So it is important to investigate the subgroup structure of
the P(1, 4) group. In particular, these results can be used in the separation of variables
of many important partial differential equations.

The splitting subalgebras of LP(1, 4) were described by Fedorchuk (1978, 1979).
Some high-dimension non-splitting subalgebras of LP(1, 4) were listed by Fedorchuk
and Fuschchich (1980) and Fedorchuk (1981). In this paper we list all the non-splitting
subalgebras of the LP(1, 4) algebra with respect to P(1, 4) conjugation. In the papers
of Lassner (1970), Bacry et al (1972, 1974a, b) and Patera et al (1975) all the subalgebras
of LP(1,3) are classified with respect to P(1,3) conjugation, so we consider such
subalgebras of LP(1,4) which are non-conjugate to the subalgebras of LP(1,3). In
our paper we use the method due to Patera et al (1975).

2. Some auxiliary remarks

The LP(1, 4) algebra is defined by the following computation relations:
[]aB’ J‘y&] = gaﬁjﬁ'y + gﬂ'yjaﬁ - gu'yJBB - gBSJa‘y
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[Paa JBy:]:gaBPy_gayPB jBaz_JaB [PaPB]=0

where goo=-811=~8€2=83=—8u=1,8,=0if a#B (¢,=0,1,2,3, 4).

Below we shall use the following notation: K,=Jy,—J,, (a=1, 2, 3); W=
(Xi,..., X,)is a space or Lie algebra over the real number field R with the generating
elements X,,..., X,; V=(P,, P, P,, P;, P,); 7 is a projection LP(1,4) on LO(1, 4);
T,..q i a projection LP(1,4) on (P,, ..., P,).

Lemma 1. Let W be a subspace of V invariant under AdJ,, (1sa<b=4). If
Wa’b(W) # 0 then Pa, PbE W.
Proof. Let X =3 x,P, € W and =,,(X)#0. Obviously,
[Jaba X:]:xan_bea [Jab’ [jabaX]]z_xaPa_beb-
Since the vectors obtained are linearly independent, so P,, P, € W and this proves the

lemma.

Lemma 2. If Wc V and [Jy,, W]c W and if m,(W)#0, then the subspace W
contains P,+ P, or P,—- P,

Corollary. Let W< V-and [Jy,, W]< W. If 7, ,(W) # 0 then within the conjugation
corresponding to the element

diag(1,...,-1,...,1)

a+]

from O(1, 4) group W contains P+ P,.

Lemma 3. Let W be a subspace of Vinvariant under Ad(J,, + vJ.;) where ye R, y#0,
0, a, ¢, d are mutually different. Then W=7, ,(W)® 7, ( W) @D s(P,), where s € {0, 1},
bz {0,a,cd}.

Proof. If

a
X=Za)-Pj€W
)

then W contains the elements

Xi1=[Joat+ VWeas X]=—aoPs — a.Pot y(aP; — asP,)

Xo=[Joa+ Vea, X1]= aoPy+ a,P, + v (—a P, — ayP;)

Xs=[Joat Year X2] = —aoP, — a Py + 73(—0-’cPd +a4P.).
Since X, — X;=(y+v’)(a.P; — a.P,) and y # 0, then a.P; — a,P, € W whence 7 4(X),
o..(X) € W. Thus, this lemma is proved.

Lemma 4. Let W be a subspace of V invariant under AdK,. If m(W)& (P,+ P,
then Po+ P,, P, W. If m,(W)#0 then P,+ P,e W,

Proof. Let W contains the vector X =X o;P, then W also contains X, =[X, K,]=
a,(Po+ P+ (ag— as) Py X> = [ X, K.]=(ao~ a)(Po+ Py). If ag— as# 0then Py+ P,,
Poe W If ag—a,=0, a, #0 then P+ P,e W. Thus this lemma is proved.
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Lemma 5. Let W be a subspace of V invariant under Ad(K, —J,.), where {a, b, c} =
{1,2,3}. Then W is invariant under Ad K, and Ad J,..

Proof. Let X =K,—J,, Ye W. Since [X,[X,[X, Y]]]=[Jso Y], then [J,, W] W,
[K,, W]<= W. Thus, the lemma is proved.

Lemma 6. Let F be a subalgebra of LO(1,4) with the generators Jo, and K,, where a
covers a subset I of the set {1,2,3}. If A is a subalgebra of LP(1,4) and w(A)=F,
then within the conjugation with respect to the group of translations A contains elements
K. (aeI) and Jy,+ 6,P,+ 8,P,+ 8, P;.

Proof. Let X,=K,+X P, Y=UJ,,+X 8P, (i=0, 1, 2, 3, 4). By the automorphism
exp(f; Po+ t,P,) the coefficients 8, 8, can be made zero. Since [Y, X,]=
—K,+8,(Py+ P,) — ayPy— a,4P,, one can therefore consider X, = K, + yP, within the
automorphism exp(tP,). Evidently[Y, X, 1+ X, =(8,+ y) P, + (8, ~ y) P,. If y# Othen
P,+P,c A by lemma 4. Therefore we have P,, P,€ A and hence y =0 within the
conjugation. Thus, this lemma is proved.

Lemma 7. Let Abe asubalgebraof LP(1,4), X =J;,+ cJos + 8P, Y=K;+2 yP, (i =1,
2,3,4:¢>0). If X, YeA, then A contains K.

Proof. 1t is easy to obtain

cY—[Y, X]=(B—cy)Pot(cyi—v2) P+ (cy:+ v1) Pyt cys P+ (cys+ B) Py

Accordingtolemma3 (8 — cy4) Pot (cya+ B) Py, (cy1— y2) Pyt (cyat y) Pre A Iy, #0
then lemma 4 yields P,, P,e A. If ¢y, —v,=0, c¢y,+ v, =0 then y, = v, =0. Thereafter
using lemma 1 we can put y; = v, =0. Since ¢y;P; € A one can admit that y; =0. Thus
the lemma is proved.

Lemma 8. Let A be a subalgebra of LP(1, 4), ¢ =exp(—wK,)(w e R, @ #0). If Py+ P,,
P,+w 'P,e A (1< b=<3) then the algebra ¢(A) contains P, and P,

Proof. According to the Campbell-Hausdorff formula we have
¢(Py+ P)=Py+ P, ¢(Py+w 'P)=w 'P,+iw(P,+ P,).

This gives that Py+ P,, P,€ ¢(A), therefore Py, P, ¢(A). Thus this lemma is proved.

3. The non-splitting subalgebras of the LP(1, 4) algebra

Let F be an subalgelgra of LP(1,4) such that 7,.(1":) =F. An expression F+W means
that[F, W]cWand F~Vc W. As concerns the non-splitting algebras F+W,,..., F+
W, we will use the notation F: W,, ..., W,

Theorem. Let a, B, 8, u, we R, a >0, o >0, u = 0 and this takes place for all labelling
variables. The non-splitting subalgebras of the LP(1, 4) algebra are exhausted by the
non-splitting subaigebras of the LP(1, 3) algebra and the following subalgebras:

(J12+ aPo): (P5, Py),{Py, P, P;, P);
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{J12+ Py+ Py): (Py), (P, P,, Py);

(Jia+ aPy): (P, {Py+ Py, {Py, Py),(P1, Py, Py),(Py+ Py, Py, Py),{Po, Py, Ps, Py);
{J12+ Py): {Py+ P,, P3),(Py+ Py, Py, P,, P;);

(Jy2+J3a+ aPy): 0,({P,, P5),{P,, P,, P5, Py;

(Jia+ cJsat aPp): 0,(Py, Po), (Ps, Py), (P, Py, P3, P)Y(0<c<1);

(Joa+ aPyy: (Py, Py),(Py+ Py, Py, Py),{Po, Py, Py, Py);

(Jia+ cJos+ aPy): 0,{Py+ Py, (Po, Py), (Py, Py, (Py+ Py, Py, Py, (Po, Py, Ps, P))(c>0);
(K34 Py): {P),{Py+ Py, P)), (Py+ P, Py + wPs), (Py+ P,, Py, Py),{Py, Py, Ps, Py);
(Ky+ Py: (Py, P)),{Py+ Py, Pi+ wP;, P,),{Py+ Py, P, P)), {P,+ Py, P,, P,, Py,
(Ky—Jj3+ aPy): 0,{Py+ Py),(Po+ Ps, Py),{P,, Py),{Py+ P,, P\, P5),{Py+ P,, P\, P,, P3);
(Jiz+ aPy, J34+ uPy): 0, (P, Py),{Py, Py, Py, Pp); (J3, J3s+ aPy, Py, Py);

(Joat aPs, Jip+ uP3): 0, (Py+ Py, (Py, Py), (P, Py),{(Py+ Py, Py, P)),(P,, Py, P, P,);
(Joas J12+ @Py): 0,{Po+ Py, (Py, Py),{P,, Py),{Py+ P,, P,, P,),(Py, P,, P,, P,);
(Jiz+ Py+ Py, Ki+ uPy; (Jia, K+ Py,

(Jiot uPs, Ky+ Py, Po+ P,y {Jis+ aPy, Ky, Py+ Py

{(J12+ Py+ Py, Ks+ uPy, Py, Py); {J)5, Ki+ Py, Py, Py);

(Jia+ uPy, Ki+ Py, Pyt Py, Py, {J3+ P,, Ks, P+ Py, Ps);

(Ji1a+uPs, K5+ Py, Py+ Py, Py, Pyy; (Ji,+ aPy, K5, Po+ Py, Py, Py

(Ji1a+ uPy, Ks+ Py, Py+ Py, Py, Py, P);(J\,+ Ps, K5, Po+ P, Py, Py, P3);
(Ky+uPy+ Py, Ko+ uPy+ BPy); (K, K;+ P,, Py);

(K,+ P,, Ky+ P, + BP,, P3); (K, +aP,+ Py, K,+ 8,P,+ 3,P,, P,+ P,);

(K\+ Py, Ky+ uP,+ BP,, Py+ Py (K, + uy Py + u3 Py, K, + Py, Py+ P, Py);
(K\+P,+aP;, Ky+ BP;, Py+ Py, P));(K,+ Py, K,+ aP,, Py+ P,, P));

(Ki+ Py, Ky+ uPy, P+ P, P)); (K|, K;+ Py, Py+ P, P));

(Ky+ Py, K;+ B,P,+B,P,, Py+ Py, P): (K, K; = P,, Py+ P,, P;);

(K,+ P,+ BP;, K;+ 8P;, P+ Ps, P+ wP;);

(Ky+ Py, Ky + uPs, Py+ Py, P+ wPs);, (K|, K,+ P;, Py+ Py, P+ wPy);

(K,+ Py, K,, Py+ Py, Py, P,); (K, + P,, Ky + aP;, P,+ P,, P, P,);

(K\+ Py, K,, P+ Py, Py, P3);{K,+ P,, K,+ aP,, P+ P,, P,, Py);

(K, K;+ Py, Py+ P,, P, P));(K,, Ky + P;, Py+ P,, P, + wP;, P,);

(K\+ P, K,+uP;, Py+ P, P+ 0P, P)); (K, + Py, K, P, P,, P,, P));

(K,+ Py, K;, Py+ Py, Py, Py, Py (Ks, Jos+ aPy, Py+ P, P+ wP;, P,):
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(Ks, Joat aPyy: (P),{Py+ Py, P), (Py+ Py, Py+ wPs3), (Py+ Py, Py, P3),(Py, Py, Ps, Py);
(Ks, Joa+ aPy, Po+ Py, Py, Py);{K;, Jou+ a, P, + oy Py, Py+ P,, P+ wPs);
(Kj, Joat @y Py+ a3 Ps, Py+ Py, P));

(K3, Jy2+ cJos+ aPy): (Py+ Py), (Py+ P,, Py, P,)(¢>0);

(Ka, Joat+ 1y Py, Jia+ s Py): (Po+ Po), (Po+ Py, Py, Py)(ui+ 3> 0);

(K, Ko, J12+ aPy); (K, Ky, Ji,+ Pyt Py, Py); (K, Ky, Ji3+ aPs, Pyt Py);
(K{+P,, K, — P, Jj;+aP;, Py+ Py); (K, + Py, K, = Py, J,5, Py+ Ps, Ps);

(K, K5, J1,+aP;, P,+ Py, Py, Py);(K,, K,, J1;+aP;, Py, P, P;, Py);

{K,, K5, J,»+ P, P,+ P,, Py, P, Py);

(K, K3, Joat+ aP)): {(Py+ P4, P3), (Py+ P, Pi+ wP3), (Py+ P, Py + whP;5, P,),
(K, Ky, Joat aPy): (Py+ Py, P+ wPy), (Py+ Py, Py, P);

(K, Ky, Joa+ aPs): 0, (Py+ Py, (Py+ P, P),{(Py+ P,, P,, P,),(P,, Py, P,, P,);
(K,, K;, Jos+ @, Py + ayP,, Py+ P, P, + wP3);

(K,, K;, Jos+ a, Py + a3 Py, P+ Py (K, K;, Jou+ a, P, + a3 Py, Py+ P,, Py);
(K, K5, J1a+ cJos+ aPs): 0,{Py+ Py, (Py+ P,, P, P,), (Py, P,, P5, Py)(¢>0);
(K;+ P, K;+ P+ BP,+ uP,;, K;+ uP>,+ 6P;); (K;, K.+ P,, K;+ BP;);
(K,+P,, K;+B,P,+B,P,+aP;, K;+6,P,+ 8,P,+ 8,P;, P,+ P,);

(K,+P,, K;+B,P,+ B,P,, Ky+ aP,+ 8,P,+ 8;P;, Py+ P,);

(K,+ P,, K,;+B,P,+ B3,P,, Ky+ uP,+ 8P;, P,+ Py,);

(K,, K;£ P, K;+ 8P, P,+ Py);(K,+P,, K;+aP;, K;+ BP,+ 6P,, P,+ P,, P));
(K,+ P,, K,, K;+ uP,+ 8P;, Py+ P,, P));

(K,, K;+ P;, K;+ BP,+ 6P,, Py+ P,, P));{K,, K,, K;+ P;, Py+ P,, P,);
(K,+ P;, K, K,, P,+P,, P, P,): {K,, K,, K;+ P,, P,+ P,, P,, P,);
(K,+aP,, K,, K;+ P, P,+ P, P, P, (K,+P,, K,, K;, Py+ P,, P,, P,, P,);
(KixaPy, K, aP,, J,,- K;);

(Ki+BP,+ uPy, Ky— uP,+ BPy, Ji,— Ky, Po+ P)(B*+ u?>0):

(Ki+aPy, K,—aP,, J,— K;, Py+ Py, Py);

(K1, K3, J1;— Ks+aP,, P,+ P,, P,, P,, sP)(s=0,1);

(Jaat+Jaa, Jia—=Jag, Jos+ T4, Jia+ aPoy: 0,{P,, P,, P;, P,):

(K, K3, Jos+ aPy, J1s+ uPs): 0,(Py+ Py, (Po+ Py, P, P,), (P,, P,, P, P,));
(K, K3, Jogy Jiat aPs): 0, (Po+ Py, (Py+ Py, Py, Py),{P,, P,, P>, P,);

(Ki, Ky, K3+ Py, J15); (K, K3, K3+ 8Py, J )+ Py+ Py,
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(K\+ P, K;— Py, Ky + BP;, Ji,+ uPs, Po+ Py);

(Ky, Ky, K3+ Py, Jia+ uPs, Py+ Py (K, Ky, Ks, Jia+ aPs, Pyt Py,

(K,+ P,, K,— Py, K3, J13, Po+ Py, P3)i (K, K;, Ki+ Py, Jiy+ uPs, Pyt Py, Py, Po);
(K, Ks, K3, J1+ aPy, Po+ Py, Py, Po), (K, Ky, Ks+ Py, Ji2+ uP,, Py+ Ps, Py, Ps, P;);
(K, K,, K3, J1o+ Py, Py+ Py, Py, Py, P3); (K, K>, Ks, Jost aP,, P,+ Py);

(Ky, Ks, K3, Jos+ aP,, Py+ Py, P)); (K, K,, K;, Jos+ aPy, Py+ Py, Py, Py);

(K,, K, Ks, Ji3+ cJyy+ aPs): (Py+ Py, (Py+ Py, Py, Po)(c>0);

(K, K», K3, Koa+ 1 Ps, i+ w2 Pa): (Po+ Py, (Po+ Py, Py, Py)(pi+p3>0).

Proof. The subalgebras of LO(1,4) are classified by Patera et al (1976). For every
algebra Fedorchuk (1978, 1979) has found invariant subspaces of the space V. Using
these results together with lemmas 1-8, we will find the non-splitting subalgebras of
the LP(1, 4) algebra. Below we consider some examples in detail.

Let A be a subalgebra LP(1,4), W=ANV.

Suppose that 7(A)={(J,,). Within the automorphism exp(t, P, + t,P,) the algebra
A contains the element X = J,+ AP+ pPy+ P4\, p, o€ R). Since

exp(tJos)(APyoP,) = (A cosh t — o sinh t)Py+ (o cosh t — A sinh t) P,

then if P,+ P, W one can write X =J,+e (A — o) Py+pP;. Since exp(nJ;}(X)=
—Ji,te' (A —o)Py—pP;, we consider A —o = 0. If A — o >0 then putting t = —In{A — g),
we obtain the algebra W= (J,,+ P,+ pP;). Applying the automorphism exp(tK,), one
canput p=0. f A—~oc=0then A=W=>a(J,,+pPy), p#0.

Let P,+ P,¢W. If P, P,e Wthen A>0, p=0=0. If W=(P,) or W=(P,, P, P,)
then o =0. Applying the automorphism exp(tJy;) we reduce this case to the following
ones A=p=10rA=0p>0.

Suppose that 7 (A)=(K,, K, J;>+cJy)(c>0). one can suppose that A contains
the elements

4 4
X1=K1+ZA,'P,‘ X2=K2+ZpiPi X3=112+C.104+U'P3.
o} 0

Obviously, [ Xy, Xo]= (A= p)(Po+ Py)+ (Ao = A) Pa~(po—pa) Pr. If Ag— A, # 0 o1 po—
ps# 0 then using lemma 1, we obtain P,, P,e A. Therefore P,+ P,€ A and one can
put A;=p;=0fori=0,1,2. Later,[ X5, X,]= K, —cK, - cA,Py, [ X5, X5]=—-K,— cK,—
cpsPy. Therefore Ay =p; =0, AyPy+ cps(Py— Py), —paPs+ cAs(Py— Py) e A. The deter-
minant constructed by the coefficients of P,, P,— P, is equal to c(A3+p3). If AZ+p3#0
then P,, P,~P,eA. So we have the algebra (K, K,, Ji,+cJy+0oP;, Py+
P, P, P, sP)(s=0,1).
Let Ag—A4=0, po—ps=0, A;= p3;=0. Obviously,

(X5, X1]1= K= cK |+ A PoA, Py — cho( P+ ps)

[ X5, X5]=—K,—cKs+p P — p, Py~ cpo( P+ Py)

[Xs, Xi1+eXi =X, =(cA1 = Ay — ) P+ (cAy+ Ay — p3) Py — po( Po+ P,)
[ X3 Xo]+ X, +eX,={(A,+ cp1—p2) Pt (At coyt py) Po+ Ag(Py+ Py).
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If on the right-hand side of one of the last two equalities some coefficients of P, P,
are non-zero, so by lemmas 1 and 3 P, P,, Py+ P,c A. Let cA,—A,—p, =0, cAy+ A, —
p2=0, A+ cp,—p, =0, Ay + cp,+ p; =0. The determinant formed by the coefficients of
A1, Az, Py, P2 is equal c2(4+ c?). We obtain A, =A,=0, p; = p, =0, Ao( Po+ P,), po( Py+
P,) € A and therefore

A=W+H(K,, Ks, J1,+ cJos+ oPy) weV.

Let m(A) =(Jy5, Ji3, J23, Jos). Because of the simplicity of the algebra (J,,, Ji3, J»3)
one can assume that A contains the elements J,5, Ji3, Jo3, X =Ju+Z y,P, (i=1,2,3).
Applying lemma 1 to [J,5, X1, [J,3, X], we conclude that 3 y,P,€ A, i.e. A is a splitting
algebra.

When the algebra 7(A) coincides with one of the following algebras: (K, Jou),
(K, Ks, Jog), (K, K5, K;, o), One has to apply lemma 6. If 7(A) contains J,>+ cJos,
K,, where ae I<{1,2,3}, then we apply lemma 7. Thus, this theorem is proved.
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